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Abstract. We obtain a new sufficient condition for the continuity of the 
Bergman projection in tube domains over symmetric cones using multifunc- 
tional embeddings. We also obtain some embedding relations between the 
generalized Hilbert- Hardy spaces and the mixed-norm Bergman spaces in this 
setting. 

1. Introduction and statements of the results 

Let Til = V + i^lhe the tube domain over an irreducible symmetric cone in the 
complexification of an n-dimensional euclidean space V. Fohowing the notation 
of [7] we denote the rank of the cone fl hy r and by A the determinant function on 
V. Letting V — M", we have as an example of a symmetric cone on R" the Lorentz 
cone A„ which is a rank 2 cone defined for ti > 3 by 

A„ = {yeM":2/? yl>0,yi>0}. 

The determinant function in this case is given by the Lorentz form 

My) ^yl yl- 

Let us introduce some convenient notation regarding multi-indices. 
lit ^ {ti, . . . ,tr), then t* = {tr, . . . and, for a £ K, t + a = {ti+a, . . . ,i„ + a). 
Also, if t, fc G R", then t < k means tj < kj for all I < j < r. 
We are going to use the following multi-index 

/, .d\ d n 

.90= , where (r - 1)- = - - 1. 

For 1 < p,q < +00 and v (zW , we denote by A^''^{Ti2) the mixed-norm Bergman 
space consisting of analytic functions / in Tji such that 

where Ai, is the generalized power function to be defined in the next section. 
The space Af,''^{Tn) is nontrivial if and only if > go, see [6]. When p = q 
we write AP''^{Ti2) = AP{Tn); the classical Bergman space Ap{^1) corresponds to 
ly = {n/r, . . . , n/r). 
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The (weighted) Bergman projection Pi, is the orthogonal projection from the 
Hilbert space Ll{Tn) onto its closed subspace Al(Ta) and it is given by the following 
integral formula 



(1) P./(z)=d. / B,{z,w)f{w)dV,iw), 

J Til 

where B,^{z, w) ~ CuA^^''^^^{{z — w)/i) is the Bergman reproducing kernel for Af,, 
see [7]. Here we used notation dViy{w) = A"^^^ {v)dudv, where w ~ u + iv ^ T^. 

The problem of boundedness of the Bergman projection on tube domains over 
symmetric cones has been considered by several authors (see [1], |4], [2], [3] and 
references therein) and still remains open. The best known results have been ob- 
tained in ^ in the setting of the light cone. Recently, an equivalent condition for 
the boundedness of the Bergman projection in terms of Hardy-type inequalities and 
duality was obtained in |3J. We introduce here the operators /3 = (/3i, . . . , /?„) 
which generalize the Bergman projection and are defined by 



^ / dVjz) 

where 7 = ifi, • • • , fn), ^ = (zi, . . . , Zn), Zj E Tn and fj e Lj^ci^n) for 1 < j < 
m. Combining classical arguments with integrability properties of the Bergman 
kernel and determinant function we obtain the following sufficient condition for the 
boundedness of the operator Tg from the product space 



n 

k=l 



to the space i^((To)™, HfeLi A'^''~rdV{zk))- The idea to consider such multifunc- 
tional operator is motivated by [10]. Some results of this paper are analogous to 
results of [10] proven in the case of the unit ball in C". We note here that almost 
all multifunctional results of this paper are well known in the case m — 1. For 
example, the case m = 1 of the following theorem is contained in 

Theorem 1. Let i/fc e M, fc = 1, . . . , m, m > 1, 1 < p < cxo and (3 = (/3i, . . . , /3„). 
// the parameters satisfy the following conditions 

^ m 

(2) -V/3,>--l, 

H , / min, j^, 

(3) 1 <p < 1 + m ' ^ ^ 



/ ,x . „ 1 ■s"^ ^ n m I n 

(4) mm > — > /3, \ 2 1 + max ; 

J m ^ rp p \ r j 

thenTpis bounded froml\T=iLl,,+im-i)^iTn) to LP{{TnY- ,]Xk=i ^"'^^ dVi^k))- 

Among our applications of the above result, we obtain a sufficient condition for 
the boundedness of the Bergman projection in terms of the reproducing formula, 
which is new in this setting. More precisely, we prove the following theorem. 
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Theorem 2. Let v > ^ ~ \ and 1 < p < oo. If for any f e LP{Ti{) the following 
representation formula holds 

P f( ^ r [ f{z)P,f{z)A^-'^{Qz) 

for some sufficiently large /3 and all 2:1,22 To , then the Bergman projection 
is bounded on Lf,{Tii). 

In this theorem the weights and l3 are taken real, but the result generalizes 
directly to the vector weight case. The condition "/3 is sufficiently large" is related 
to the boundedness conditions for the Bergman kernal and determinant function. 
For example, a necessary condition for the boundedness of the Bergman projection 
Pa on Lf,{Tn) is that the related Bergman kernel belongs to (Tn), where 

l/p+ 1/p' = 1, l/q+ 1/q' = 1, and this can only happen for large values of (3 for 
p, q and v fixed, see jTll . 

The second problem considered in this paper is the embedding relation between 
some generalization of the classical Hardy spaces and the weighted mixed norm 
Bergman spaces in tube domains over general symmetric cones. Let ^^(T'o) denotes 
the holomorphic Hardy space on the tube domain, i.e. the space of holomorphic 
functions / on Tq such that 



Imp = (sup / \f{x + it)\Pdx] <oo. 
\ten jm" / 



Following [8], we extend the above definition of Hardy spaces to a more gen- 
eral family of spaces W^{Tn) for any locally finite and quasi-invariant measure /i 
supported on fJ. The space H^(Th) consists of all functions / holomorphic in Tji 
satisfying 

ll/llwS(Tn) = fsup / \f{x + i{y + t))\Pdxdii{y)\ < 00. 
\ten JTn / 

In particular, ii p, ^ 6q, this space coincides with the classical Hardy space and if 

fj, is the Lebesgue measure, it coincides with the Bergman space ylP(Tn). 

We are going to consider only those measures p which are obtained by analytic 

continuation from the family d^s of measures 

dl^s(t)=xn{t)^^^^y seE", .>5o, 

where Fq denotes the gamma function of the cone n defined in the next section. 
More precisely, in the family {/isjsec^ of tempered distributions we consider only 
those which are positive measures. These measures come from a characterization 
of Gindikin (see |S] or Theorem VII 3.2. of [7]) and correspond to those s = 
(si, . . . , s„) G C which belong to the following Wallach set 

d d 
(Ui,ui + — sgnwi, . . . ,Ur + — (sgnui + • • • + sgnu^)) : Ui, . . . ,Ur > 

We are interested in the embedding relations between 7^^(ro) and AP''^{Tfi), 
fi = fis , s E and ly . When V = M" we prove the following sharp result. 

Theorem 3. Let s G S, p = fis, v (z and v > go. Then for 2 < p, q < 00 with 
f s > 50 we have: UliTn) Al^^[Tn) if and only j/ ^ + f = | + (i, . . . , . 
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We note that for the sufficiency part of the above theorem it suffices to prove that 
^^(^o) ^ ^it"(T'a) for aU m > 2 such that > go. This is an easy consequence 
of the embedding relations between Bergman spaces. The condition > go shows 
that for s fixed, u should be sufficiently large and so this theorem is not applicable 
in all cases. Moreover, it is clear that the usual Hardy space is not covered by 
this theorem. 

Theorem 4. Let s € fi = jig, G K'" and v > g^. Then for 4 < p,q < oo 
we have: Hl{Tn) ^ AP-i{Tn) if and only z/ (i, . . . , |l) + i(2s + ^ £ + 

I — . . . — 1 

\ ' ^ rp J ' 

Again, we note that the sufficiency part of this theorem can be reduced to the 
proof of the embedding (To) Al;j'2,+ii) (To) for u > 4. 

The necessity parts of Theorems 3 and 4 follow exactly as in Proposition 2.25 of 
[B] with the use of norm identity provided in Proposition 3.1 of [5] for H^(To). In 
order to prove sufficiency, we heavily rely on Paley- Wiener theory in this setting. 
The only difference with the one-dimensional case is that one has to deal with the 
beta function of the tube domain with respect to the rotated Jordan frame. That 
is, one needs a version of Theorem VII 1.7. of [7, where the generalized determinant 
function is replaced by the one corresponding to the rotated Jordan frame. This 
version has been obtained in the forthcoming work [5] . 

Finally, throughout this paper C or c denote positive constants, not necessarily 
the same at different occurences; dependence on parameters is indicated by sub- 
scripts. Given two quantities A and B, the notation A < B means that there is an 
absolute constant C such that A < CB. When both A < B and B < A hold we 
write A B. 

2. Preliminaries and auxiliary results 

For reader's convenience, we collect in this section some definitions and results 
that are used in this paper, they are essentially contained in [7]. 

2.1. Symmetric cones and the generalized determinant function. Let f2 

be an irreducible open cone of rank r in an n-dimensional vector space V endowed 
with an inner product (■/•) for which fl is self-dual. Let G{^1) be the group of 
transformations of and G its identity component. It is well known that there is 
a subgroup H of G acting simply transitively on f?, i.e. for every y G fi there is a 
unique g H such that y = ge, where e is a fixed element in 51. 

We recall that fl induces in V a structure of Euclidean Jordan algebra with 
identity e such that 

Tl={x^ -.xe V}. 

We can identify (since ft is irreducible) the inner product (•/•) with the one given 
by the trace on V: 

(x/y) = tr(xy), x,y&V. 
Let {ci, . . . ,Cr} be a fixed Jordan frame in V and 

V = ®l<i<j<rVij 

be its associated Pierce decomposition of V. We denote by Ai{x), . . . , Ar{x) the 
principal minors of x G V with respect to the fixed Jordan frame {ci,...,Cr}. 
More precisely, Ak{x) is the determinant of the projection PkX of x in the Jordan 
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subalgebra = ®i<i<j<kVi,j ■ We have A = and Afc(a;) > 0, 1 < fc < r, 
when X E Q. The generahzed power function on 51 is defined as 

A,{x) ^ Al'-'^x)A'^^~'^x) ■ A'^^-{x), xen, seC\ 

Next, we recaU the definition of generahzed gamma function associated to fl: 

Jn 

This integral converges if and only if SRs ^ > ( j — 1 ) "^(^^ ^ = ( J — 1 ) | for all 1 < j < r. 
In that case we have a formula: 

see Chapter VII of J7j for details. We have the following result on the Laplace 
transform of the generalized power function (see Proposition VII. 1.2 and Proposi- 
tion VII.1.6 in [7]). 

Lemma 1. Let s — (si, . . . , s, ) G C" with SRsj > {j — 1)^ . j — 1, . . . , r. Then, for 
all y E fl we have 

e-*(^/«)A,(OA-"/'^(Ode = ro(s)A,(y-i) = Tn{s)[A:, {y)]-\ 

Here, y ~ he if and only if y^^ = h*^^e with h E H and A* , j — 1, . . . ,r are the 
principal minors with respect to the rotated Jordan frame {ci, . . . , c, }. 

The beta function of the symmetric cone ft is defined by the following integral 



Bn{p,q)^ / Ap^r^{x)Aq_!i.{e- x)dx, 

Jnn(e-n) 

where p and q are in C". When ^Pj, "Siqj > (j — 1)| the above integral converges 
absolutely and 

„ f ^ rn(p)ro(g) 

''"^^''^^^ Tnip + q) ' 

(see Theorem VII.1.7 in [H). 

Let TO be an element of Ge, the stabilizer of e in G such that 

mcj = Cr-j+i, j ^l,...,r. 

Then for any y Efl and s G C, A*(y) = As{m^'^y) (see [7], page 127). Using this 
identity, one obtains as in the proof of Theorem VII.1.7. of [7] the following result 
(see [5] for details). 

Lemma 2. Let y G fl. The integral 

F{y)= [ A;._^{x)Al._^{y-x)dx 
J{y-n)nn 

converges if ^Pj, ^qj > (j — 1)| for j = 1, . . . ,r. In this case 

Fiy) = Bn{p\q*)^;.+,._^{y). 
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2.2. Bergman spaces and integrability of the Bergman kernel function. 

Let us recall some estimates for the fonctions in the Bergman space or the projec- 
tions of the functions in LP''^(Tq). We begin with a pointwise estimate of elements in 
AP''^(Tq). The following lemma follows from the invariance of the Bergman spaces 
with respect to the transformation group G{fl) (see [6 ). 

Lemma 3. Let 1 < p, q < oo and E W , v > qq. Then 

(6) |/(z)|< A_._^(3z)||/|Ug.s z^Tn. 

We also need a pointwise estimate for the Bergman projection of functions in 
L^'''{Tn), defined by integral formula ([T|), when this projection makes sense. Let us 
first recall the following integrability properties for the determinant function. 

Lemma 4. Let a e C and y G il. 

1 ) The integral 

'x + iy 



Ja{y) 



dx 



I 

converges if and only if > + ^. In that case Ja{y) — Ca\^-a+n/r{y)\- 

2) For any multi-indices s and (3 and i G f2 the function y i~-> Ap{y + t)As{y) 
belongs to L^{n, ^n/r(^-) ) '^'^'^ only if 5fts > go and 5R(s + /3) < gp. In that case 
we have 

Apiy)A,iy) ^fy^^^ = Cp^,A,+p{y). 

We refer to Corollary 2.18 and Corollary 2.19 of [5] for the proof of the above 
lemma. Let r denotes the set of all triples (p, q, v) such that l<p, (7<oo,^>(7o 
and the function B^{-,ie) belongs to Lf, (Th). We have the following pointwise 
estimate. 

Lemma 5. Suppose (p. q, v) G r. Then 

(7) |P,/(z)|< A_._^(Sz)||/|L..,. 

Proof. This is an easy consequence of the above lemma and Holder's inequality. 

□ 

We conclude this section with a useful embedding relation between mixed norm 
Bergman spaces (see |6j for an alternative proof). 

Lemma 6. Suppose I < p < s < oo, 1 < q < t < oo and v, (3 > g^. Then 
AP^?(ro) Af{Tn) if and only j/^ + ^ = f + iL. 

Proof. Let us suppose that ^ + 7^ = f + 7^- We recall that there is a sequence 
of points {zj^k = Xj^k + yk)j,kez such that 

see [5] and [4]. From this and embeddings between IP spaces we obtain 
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For the converse, we test with functions B^{-^x + iy) where fi is large enough 
and x + iy is fixed in Tfj. Now continuity of the embedding and Lemma 4 give 

which imphes that ii + J2. = | + i2.. □ 

q rp t rs 

As a first application of the above lemma, we see that for the proof of the 
sufficiency in Theorem 3 it is enough to prove that H^j(Tn) ^ ^^"(Th) for all u > 2 
such that ^ > go. In fact, ii p,q and v satisfy the hypotheses of Theorem 3 then, 
by the above lemma, we have A^^"{Tn) ^ AP''(Tn) with u < q. Similarly, for the 
proof of sufficiency in Theorem 4 it suffices to prove that 'M?^{Ti{) ^ A^^^^gj^ri-^iTo) 
for aU M > 4. 



3. Bergman- TYPE operators and multifunctional embeddings 

We denote by □ = A(i^) the partial differential operator of order r on R" 
defined by 

(8) nie^^^l^)] = A(Oe'(^l^\ x,eeM". 

3.1. Multifunctional Bergman-type operators. Now we investigate bounded- 
nessofT;, fromnlli (^f^) ^ ^^(T^o)", Or^i ^"'-"^ dV{zu)). We ap- 

ply the obtained result to multifunctional embeddings for functions in the Bergman 
spaces AP{Tii) where v > ^ — 1 and 1 < p < oo. We begin with the following result, 
which is known in the case m = 1, see |:4:. 

Theorem 5. Let v = (i/i, . . . , G K™, to > 1 and \ <p < oo, /3 = (/3i, . . . , G 
M'" . // the parameters satisfy the following conditions 



-. m 

(9) -E/5. 



TO — ' r 



> - - 1, 



(10) l<p<l + m 



an 



d 



m , 

. 1 ^ "n m I n 
(11) mm > — > /3, 1 2 1 + max v 



m •'-^ rp p \ r j 



thenTfils &o«nded/™mnr=iiU+(™-i)^(T^f^)^''^^((T^f^)"Mir=iA'^^-^dl^(^fc)) 
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The idea of proof is taken from [10] . 
Proof. Using Holder inequality we obtain 



dV{z) 



< I X J, 



where 



^ JTn nr=ilA(^)r^- A^(3z)' 



jv Ip 



and 
(12) 



Tnn"ilA(^)|''"^^- A?(5z)' 



1 /'^ 

7^ = - r + 



Let us choose 7j such that 7j > Sjli /^i + 2^ — 1^ Then we estimate the 

integral J using Holder's inequality and Lemma 4: 



jv'iv = / TT 



< 



A ' ^ ^ 



i=i 



1/rn 



Hence we obtained: 

m 

(13) J< Cj] A~''^^+^^^-^^^+5^™(3z,). 

Using the estimate and Lemma 4 we finally obtain 

/ •••/ ni^^(7)(^i,-.-,^™)rA'"="^(3^fe)rfl^(^i)---rfV^(^m) < 

^ X, (|ni/^(-)l'') 5WA-^.-^^(5z)^(") 



where 

a(=) ^ 



. n 

dy(zi)---dF(z„0 



K3z) 
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Note that (HH) implies pat >Vk-pik + ^ E^^i P^ + ^ + '^^-l- Thus, if we 
finahy choose aj and 7^ such that (jl2p holds and, for every j = 1, . . . , rn, we have 

1 /l ™ n \ 

7 -y /3j+2- -1 <7i 

mp \ m r / 

< mm < — (- + /3j), + ; } , 

\ m r p mp' I 

then an application of Lemma 4 gives estimate 

Finally, using Holder's inequality we obtain 

/ ••• / l[\Tp{f){z,,...,z^)\PA-'>'-T{^Zk)dV{z,)---dV{z,n) < 



1/m 



An analogue of the following lemma in the setting of the unit ball in C" is 
contained in [10]. Note that the case m = 1 is obvious. 

Lemma 7. Let Vk > 7~1; fc = l,...,m and 1 < p < 00. Then there is a constant 
C > such that 

(14) / ]l\h{zWA(^^~'^'^+^^-^-^-'H-Sz)dV{z)<Cl[\\hr^. . 

•'Tn k=l k=l 

Proof. By Lemma 6 we have ^^^ (Tn) ^ ^ (^n). Thus, 

to prove the lemma, we only need to check that for fj e A^,. (Tn), j = 1, . . . , m, 
the product /i • ■ • /m is in ^4''/™ „ (Tq) with the appropriate norm estimate. An 
application of Holder's inequality 



JTn , — 1 , — 1 \JTn 



1/r. 

\fk{z)\PA'"'-^(Qz)dViz)] 

'Til fc^i ;7='l ^"'^'^ 

finishes the proof since the last expression is equal to HfeLi ll/fell^'f'™- '-' 

A complete analogue of the following multifunctional result in the setting of the 
unit ball in C" can be found in jTU] . 

Theorem 6. Let J^fe > ^ for 1 < k < m, m > 1. Let 1 < p < 00 and suppose 
that j3j are sufficiently large so that for any sequence {zj)jLi in Th the following 
representation holds for /i, . . . , G 'H{Tn) 



(15) fl{zi)---frn{Zrr,)^Cm,P 



n,"Li/,-(z)A^sr^i(sz) dvjz) 
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Assuming none of the functions fk is identically zero, the following statements are 
equivalent. 

1 ) There is a constant C > such that 

(16) / ni/4^)rA("-'^"+^"-''H3^)-S^<c^<^- 

8) fk e AP^iTn) for all k ^ I, . . . ,m. 

Proof. We have already seen that 2) ^ 1) independently of the representation 
formula (IT5|) . Let us prove implication 1) ^ 2) assuming ([15]). Since the functions 
fj are not identically zero, condition 

/ •■• / l[{\fk{zkWA-'''-^{^Zk)dV{z,)---dV{z^) <oo 

implies fk G AJ^(Tn) for all k ~ 1,. . . ,m. Now, using the representation (|T5|) we 
obtain 

K ^ / •■• / l[{\fk{zk)\"^''''"{^Zk))dV{zi)---dV{z^) 

= J ■ J \T^{7{zl,■.■,z„^W lflA-'''~'^{QzkyjdV{zi)---dV{z^), 

Tq, Tft \k—l / 

where ~f — (/i, . - ■ , /m)- The proof of Theorem 5 gives 



K<C ••• / l[{\fk{zkW'A'"'-'^{Qzk)dV{zi)---dV{zm) <oo. □ 

•^Tii J Til 

We write {v,p) e a ii ly £ R, 1 < p < oo, v > ^ - 1 and A-(''+^)(^) e 
LP {Tq). Let us define, for fk G Lf,^, the following operators: 

^''^ ''^'^ ^^^^^ = i„ — n;iiA^(^-^^)(^) — Af(^' 

and 

rn 

(18) = 

Theorem 7. Suppose {vk,p) G cr /of fc = l,...,m. // t/ie parameters satisfy 
conditions (0), (0), then the operators Sp^, and Sp are hounded from 

Y{%,Ll^{Tn) to Ln(To)™,nr=iA''^-^(3^,)dn^,)). 

Proof. Clearly we only need to prove the result for Sjj,, for fixed k. An inspection 
of the proof of Theorem 5 and Lemma 5 give 

/ • / \Sp,kCl{~t\PA''^-'^{^Zj)dV{zi)---dV{z^) < 



c f \fk{zw (flKjj{^)n A^-.'"=+('"-i)?i 

c\{\\fALzl \fk{z)\^i^'"'~^{^z)dv{z) < cnil/.Ls^., 



'^i^z)^ < 



3^k -'^^ ]^k 
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and the proof is complete. □ 

As a consequence we have the following result. 

Theorem 8. Suppose [uk,?) G o" for k = 1, . . . ,m. Suppose also that, for /3j large 
enough, the following representation 

(19) n p-Mzk) - c^^, — n;iiA^(^-^^)(^) — a¥W) 

holds for any sequence {zj)jLi in Tq and any fk S Lp^(Tq), 1 < k < m. Then 
P.Jk€LP^{Tn),l<k<m. 

Wc also have the following corollary which gives a sufficient condition for bound- 

cdness of the Bergman projection. 

Corollary 1. Let {v,p) S u. If the following representation 

(20) PJ{z,)P.f{z2) = cJ A^-H^z)dV{z) 

holds for all zi,Z2 G Tq and f e iJ(Tn), where /3 is large enough, then Pi, is 
bounded on L^(Tq). 

Proof. Using Lemma 5 we clearly have 

/ \f{z)mf{z)fA'-^{Qz)dV{z) < CWfWl, [ \f{z)\PA''-'^{'^z)dV{z) 

JTn " JTn 

= c\\f\\%- 

Now, following the proof of Theorem 7 we obtain 

= / / \P.f{ziW\P.f{z2)fA''-^{Qzi)A-'-'^{Qz2)dV{zi)dV{z2) 

JTn JTn 

< C f \f{z)\P\P,J{z)\PA^-'{^z)dV{z) 

JTn 

< c\\f\\%. □ 

3.2. Multifunctional inequalities involving Bergman projection or the 
box operator. Next we derive multifunctional inequalities involving the Bergman 
projection or the box operator. As a preparation, we first prove the following 
elementary proposition. 

Proposition 1. Let {v,p) G u. If Pv is bounded on L^(Tq), then Pi, is bounded 
from Ll{Tn) to Lf^^^^_^)^{Tn) for any fc e N. 

Proof. Suppose P^ is bounded on L^(Tq). Then using Lemma 5 we obtain, for 

any / e Ll{Tn): 

[ |P./(^)|'=^'A'=''+('=-2)?(S3^)dy(^) = / (|P./(0)|PA^+^(9^))'-'|P,/(^)|f 

JTn JTn 

A'^-^(3z)dV(z) 



< C\\f\\%-'^^ j \P,.f{z)\PA'^-T{<^z)dV{z) 

JTn 



ITn 

< c\\f\\%. □ 
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Proposition 2. Let [vrtP) G ct for I < k < m. Suppose P^^ is bounded on (To) 
for all k — 1, . . . ,m. Then for any I (zN we have 



m 

Ip 



•^"^f! k=l ^ ' k=l 

Proof. Using the above proposition, Holder's inequality and Lemma 5 we obtain 

dV{z) 



dV{z) 



k=i k=i 



1 / 771 



< 



< 



< 



IIL III / f \ 

k=l k=l ^•'Tn J 

m 

cniiMi^\ □ 

It is well-known that the operator □ satisfies the following boundedness estimate 

(21) Ip/IU.^^ <C||/|Up, 

see [4]. It follows, using Holder's inequality, that for 1 < p < cxd and q < p 

(22) / |n/(z)n/(z)r^A''+«-^(3z)dy(z) < 

Our goal is to obtain a multifunctional version of the above estimate. To this 
end, we introduce the following operator, which we still denote by □, defined for 
pointwise products of holomorphic functions: 

m 

□(/l ■ ■ • /,n) - 5] /l • • ■ /j-l(n/,)/, + l ■■■fm- 
J = l 

We note that the □ inside the sum is the usual □ as defined at the beginning of 
this section. The next theorem generalizes (|22p. this idea appeared in [10]. 

Theorem 9. Let v > — — \, 1 < q < p < oo. Then there exists C > such that 
(23) 

I !□(/! • • • /^)r n i/,(^)r-^A"'(-+^)+''(sz) ^'^r|^^ < n wf^K^- 

Proof. Using Minkowski's inequality, the pointwise estimate for functions in 
Ap{Tq) and the estimate (1^^ we obtain 



C 



p(/i • • • /™)r n i/,(^)r"'A"(''+^)+n3z) 

lit, I „ III 771 JT/'/ \ 

E / n i/fe(^)rp/,(^)r n l^(^)r'^"^'^^^^^'(^'^)T2-7?^^ 



dV{z) 



c 



E (j^ |^n i/fe(^)|W+^(Sz)j |n/,(z)|^|/,(z)r-W-^+«(3z)dU(z)j 
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c fe (ft IIMIas'] [I \nf,{z)nf,iz)r'^A-^-'^+^{'^z)dv{z)y'\ < 



k=l 



Cm« n II /fc 
□ 

4. Paley- Wiener representation and embeddings 

We make use of Paley- Wiener theory in this section to prove Theorem 3 and 
Theorem 4. From now on we fix a measure fi = fj,s, where s € S. We recall that 
'H^(To) is a Hilbert space and we use notation from |8]: 

The following Paley- Wiener characterization of functions in has been ob- 

tained in [5]. 

Theorem 10. For every F G H^(7f2) there is an f e L'j.*{fl) such that 

(27r)2 

Conversely, if f G L^* {ft) then the above integral converges absolutely to a function 
F e Hlin). Moreover, ||F||„. = ||/||i.^. 

As remarked in the introductory section, we only need to show the following 
result in proving Theorem 3. 

Theorem 11. Let s g jj, — fig- For all 2 < q < oo such that |s > go we have 

Proof Let F e V-liTn), by Theorem 10 there is an / in L'^^, (Q) such that 

F{z) = Cn I e'(^/«V(OA:. (20rfe, z e Tn- 
Jn 

It follows from Plancherel's theorem that 

\F{x + iy)\^dx = C j e-^^y/i^\f{0?AlAm- 

Integrating the q/2-power of the left hand side of the above equality with respect to 
the measure lS.ig{y)A.~~{y)dy and using Minkowski's inequality for integrals and 
Lemma 1 we obtain 

dy 



= C^A*_,.(0|/(OI'AL.(Orfe 



q/2 
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where 

For our last result we need the following Paley- Wiener construction of functions 
in the Bergman space A^'"^. 

Lemma 8. Let 2 < q < oo and v € W , v > go. If f is in the space -^2fi-i'i * (^) ~ 
i^(r2,A* j_, ^(2^)d^), then the function F defined by 

(24) ^^(z) = -l^ /e'(-/«)/(0A:*(2CK, z e 

belongs to Al'i{Tn). 

Proof. The estimation of the L^-'-norm of the integral in ([24|) proceeds exactly 
as in the previous theorem and one obtains 

\\F\\Al^^<C\\f\\Ll^ 

Thus, we only have to prove that for any / G L'i. is ^{n) the integral in (p4)) 

converges absolutely to a holomorphic function F{z) on Tq. It suffices to prove this 
at the point z = ie. Using Holder's inequality and Lemma 1 we obtain 

e-(^/«)|/(0|A:.(20de < II/IIl^ , f / e-2(e/«)AJ (20dey^' 

2(1-1).* rj 

and this is clearly finite. □ 

We now give a proof of the following result, which, as remarked in the first 
section, implies Theorem 4. 

Theorem 12. Let s G S, ji — jig. For all 4 < q < oo we have 

Proof. Given F in Hf^iTn) we need to show that belongs to ^i'^'j^^.n-jCT'o). 
By Theorem 10 there exists / e L^* (ft) such that 

Jn 

Using this Paley- Wiener representation we get 

FHz) = Cl f e^(-/«+*)/(e)/(t)A:.(2e)A:.(2i)dedi 

= Cll I e^(-/")/(^.-0/(e)A:.(2(«-e))A:.(20dedu 
Jn Jsin(ti-si) 
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where 

9{u) = I f{u- e)/(OA:. (2(u - o)a:. (2^)^^ 

By Lemma 8 it suffices to prove that g{u)A*_q^^^,,_^„^{u) is in i(£_j-)(-2s*_|_ri,-,(i^), 
or, equivalently, that g is in L'^(^2s* + ^)(^y start with a pointwise estimate of 
g{u). Using Holder's inequahty and Lemma 2 we obtain 

\9{u)\' < ([ \f{u-0\\fmK42{u-0)K^md^] 
\Jnn(u-n) J 

< (f i/(«-on/(opA:.(2(z.-o)A:.(2e)i 



\Jnn{u-n) J 
= CAl,.^^{u)([ \f{u-0\\f{0?A*A2{u-£,))Al.{2i)di 



It easily follows that 

2 



f < c[ [ \fiu^0\'\f{0fK4^{u~0)K.i20d^du 



In Jnn(u-n) 
= C\\f\\U=C\\Frn. 



and the proof is complete. □ 
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